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1 Introduction 

In the theory of crystal bases, the piecewise-linear functions and (fi play many crucial roles, 
e.g., description of highest weight vectors, tensor product of crystals, extremal vectors, etc. 
There exist counterparts for geometric crystals, denoted also {£i}, which are rational functions 
with several nice properties, indeed, they are needed to describe the product structure of geo- 
metric crystals (see Section [2]) and in s[2-case, the universal tropical R map is presented by using 
them [12] . 

In [l], higher objects eij and £j t i are introduced in order to prove the existence of product 
structure of geometric crystals induced from unipotent crystals, which satisfy the relation Ei£j = 
Ei j + £j,i if the vertices i and j are simply laced. It motivates us to define further higher objects, 
"epsilon system". 

The aim of the article is to define an "epsilon system" for type A n and reveal its basic 
properties, e.g., product structures and invariance under the action of tropical R maps. An 
epsilon system is a certain set of rational functions on a geometric crystal, which satisfy some 
relations with each other and have simple forms of the action by e?'s. 

We found its prototype on the geometric crystal of the opposite Borel subgroup B~ C 
SL n+ i(C). In that case, indeed, the epsilon system is realized as a set of matrix elements 
and minor determinants of unipotent part of a group element in B~ (see Section [6|). Therefore, 
we know that geometric crystals induced from unipotent crystals are equipped with an epsilon 
system naturally. 

We shall introduce two remarkable properties of epsilon system: One is a product structure 
of epsilon systems. That is, for two geometric crystals with epsilon systems, say X and Y, there 
exists canonically an epsilon system on the product of geometric crystals X x Y (see Section 15. 3p . 
The other is an invariance by tropical R maps: Let 7l:Xx¥->¥xXbea tropical R map (see 
Section U) and £j X¥ (resp. £j XX ) an arbitrary element in the epsilon system on X x Y (resp. 
YxX) obtained from the ones on X and Y. Then, we have the invariant property: 

eY\lZ{ X ,y))=eY\ X ,y). 

*This paper is a contribution to the Proceedings of the Workshop "Geometric Aspects of Discrete and Ultra- 
Discrete Integrable Systems" (March 30 - April 3, 2009, University of Glasgow, UK). The full collection is available 
at |http://www.emis.de/journals/SIGMA/GADUDIS2009.html| 



2 



T. Nakashima 



In the last section, we shall give an application of these results, which shows the uniqueness of 
tropical R map on some geometric crystals of type A^ . 

Since the s[2-universal tropical R map is presented by using the rational functions {ei} as 
mentioned above, we expect that epsilon systems would be a key to find universal tropical R 
maps of higher ranks. For further aim, we would like to extend this notion to other simple Lie 
algebras, e.g., B n , C n , and D n . These problems will be discussed elsewhere. 

2 Geometric crystals and unipotent crystals 

The notations and definitions here follow [21 El El El El [TUl [H] . 
2.1 Geometric crystals 

Fix a symmetrizable generalized Cartan matrix A = (ay)j, e / with a finite index set /. Let 
{t,{oii\i£i,{hi\i£i) be the associated root data satisfying otj(hi) = aij. Let g = g(A) = 
(t,ei,fi(i G /)) be the Kac-Moody Lie algebra associated with A [5]. Let P C t* (resp. 
Q := 0jZaj, Q v := ®{Lhi) be a weight (resp. root, coroot) lattice such that C ® P = i* 
and P C {A|A(Q V ) C Z}, whose element is called a weight. 

Define the simple reflections Sj G Aut(t) (i G I) by Si(h) :=h — Oi(h)hi, which generate the 
Weyl group W. Let G be the Kac-Moody group associated with (g,P) [HE]. Let U a :=expg a 
(q G A rc ) be the one-parameter subgroup of G. The group G (resp. L r± ) is generated by 
{[/aja G A re } (resp. {C/ Q |a G A re n (®« ± Zctj)). Here L r± is a unipotent subgroup of G. For any 
i € I, there exists a unique group homomorphism <j>i : SZ^C) — > G such that 



Set q 4 v (c) := 0* ((Sc-i)), :=exp(i ei ), Vi{t) :=exp(t/i), G< := ^(5L 2 (C)), :=a, v (C x ) 



and A^j := NQ i (Ti). Let T be the subgroup of G with P as its weight lattice which is called 
a maximal torus in G, and let B^(Z) T) be the Borel subgroup of G. We have the isomorphism 
(j) : W^N/T defined by (f>(si) = NiT/T. An element s { := Xi(-l)yi(i)xi(-l) is in N G (T), 
which is a representative of Sj G = Ng(T)/T. 

Definition 2.1. Let X be an ind-variety over C, ji and £j (i G I) rational functions on X, 
and ej : C x x X — > X a rational C x -action. A quadruple (A, {ej}j e /, {7^, is a G 

(or Q)-geometric crystal if 

(i) ({1} x X) n dom(ej) is open dense in {1} x X for any i E I, where dom(ej) is the domain 





(iv) The rational functions {ej}j G / satisfy (x)) = c l Ei{x) and Ei{e C j{x)) = £i(x) if ajj = 
a jti = 0. 
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The relations in (iii) is called Verma relations. If x = (X, {e^}, {"fi}, {£«}) satisfies the condi- 
tions (i), (ii) and (iv), we call x a pre- geometric crystal. 

Remark. The last condition (iv) is slightly modified from [2| [9], 110 ^ I12J since all £j appearing 
in these references satisfy the new condition l ei(e C j(x)) = Si{x) if a^j = a^j = 0' and we need 
this condition to define "epsilon systems" later. 

2.2 Unipotent crystals 

In the sequel, we denote the unipotent subgroup U + by U. We define unipotent crystals (see 
[TJE]) associated to Kac-Moody groups. 

Definition 2.2. Let X be an ind-variety over C and a : U x X X be & rational [/-action such 
that a is defined on {e} x X. Then, the pair X = (X, a) is called a U-variety. For [/-varieties 
X = (X, ax) and Y = (Y, a Y ), a rational map / : X — > Y is called a U-morphism if it commutes 
with the action of U. 

Now, we define a [/-variety structure on B~ = U~T. As in [8], the Borel subgroup B~ is an 
ind-subgroup of G and hence an ind-variety over C. The multiplication map in G induces the 
open embedding; B~ x U ^ G, which is a birational map. Let us denote the inverse birational 
map by g : G — > B~ x U and let rational maps 7r~ : G — > B~ and ir : G — > U be ir~ := proj b-°S 
and 7r := projjy o g. Now we define the rational [/-action a B - on B~ by 

olq- := 7r~ o m : U x B~ — 5- B~ , 

where m is the multiplication map in G. Then we get [/-variety B~ = (B~ , 

Definition 2.3. 

(i) Let X = (X, a) be a [/-variety and / : X — > B~ a [/-morphism. The pair (X, /) is called 
a unipotent G-crystal or, for short, unipotent crystal. 

(ii) Let (X, fx) and (Y,/y) be unipotent crystals. A [/-morphism g : X — > Y is called 
a morphism of unipotent crystals if /x = fy ° 9- In particular, if g is a birational map of 
ind-varieties, it is called an isomorphism of unipotent crystals. 

We define a product of unipotent crystals following pQ. For unipotent crystals (X,/x), 
(Y, fy), define a rational map axxY : U x X x Y — > X x Y by 

a X xr(u,x,y) := (a x {u,x),a Y {^{u ■ fx(x)),y)). 

Theorem 2.4 (pQ). 

(i) The rational map axxY defined above is a rational U -action on X xY. 

(ii) Let m : B~ x B~ — > B~ be a multiplication map and f = fxxY '■ X x Y — > B~ be the 
rational map defined by 

fxxY := mo (fx x f Y ). 

Then fxxY is a U-morphism and (X x Y,/xxy) is a unipotent crystal, which we call 
a product of unipotent crystals (X, fx) and (Y,/y). 

(iii) Product of unipotent crystals is associative. 
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2.3 From unipotent crystals to geometric crystals 

For i G I, set Xjf := U ± n 8*1/* sT 1 and U l ± := XJ± n s^s" 1 . Indeed, C/f = £/± aj . Set 

^± Ql := (x± Qi (i)£/aX± Qi (-i)|t e C, a € A£ \ {±aj), 
where x ai (i) := Xj(i) and x_ Qi (i) := yi(i). We have the unique decomposition; 

By using this decomposition, we get the canonical projection £j : U~ — > U- ai . Now, we define 
the function on U~ by 

and extend this to the function on B~ by Xi{u-t) := Xi( u ) f° r 11 G an d t &T. For a unipotent 
G-crystal (X, /x), we define a function £j := ef : X — > C by 

Si Xi /x, 
and a rational function 7$ : X -4- C by 

7i := a» o proj T o / x : X ->• 5~ -> T -> C, 
where proj r is the canonical projection. 

Remark. Note that the function £j is denoted by <pi in [H [9] . 

Suppose that the function E{ is not identically zero on X. We define a morphism 
C x x X -4 X by 

e?(x) :=*, (|^) (x). 

Theorem 2.5 ([I]), For a unipotent G-crystal (X, /x), suppose that the function e% is no£ 
identically zero for any i E I. Then the rational functions ~fi,£i : X — > C and &i : C x xl->l 
as akwe define a geometric G-crystal (X, {ej}j g /, {7j}j g /, {ej}j e /), which is called the induced 
geometric G-crystals by unipotent G-crystal (X,/x). 

Proposition 2.6. For unipotent G-crystals (X,/x) and (Y, fy), set the product (Z, fz) '■= 
(X, fx) x (Y, /y), where Z = X xY . Let (Z, {ef}i£i, {7? }j e /, {ef }jg/) &e i/ie induced geometric 
G-crystal from (Z,/^). Taen we obtain: 

(i) For each i € I, (x,y) G Z, 

7 f (x,y) = 7 f (x)7f(y), ef (x,y) = (x) + 4t4- 



(m) For any i € I, the action ef : C x x Z — > Z zs yu>en fry: (ef ) c (x, y) = ((ef ) Cl (x), (ef ) C2 (y)), 
u>/iere 

c = erf (x)gf (x)+ef(y) c _ c( 7 f (x)ef(x)+ef(y)) 
Cl 7f (^)ef (x) + ef (y) ' 2 c 7 f (x)ef (x) + ef (y) ' 



Here note that c±C2 = c. The formula c\ and C2 in [T] seem to be different from ours. 
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3 Prehomogeneous geometric crystal 

Definition 3.1. Let x = (X, { e i }> {"fi}i be a geometric crystal. We say that x is preho- 
mogeneous if there exists a Zariski open dense subset !lcl which is an orbit by the actions of 
the efs. 

Lemma 3.2 ([3]). Let Xj = (Xj, {e? }, {"fi}, (j = 1,2) be prehomogeneous geometric crys- 
tals. Let ili C X\ be an open dense orbit in X\. For isomorphisms of geometric crystals 
</>,(/>'■ Xi ~ > X2> suppose that there exists p\ £ fix such that 4>{pi) = 4>'(pi) £ Xi- Then, we have 
4> = 4>' as rational maps. 

Theorem 3.3 ([3]). Let x = (X, {ef }, {7^}, {si}) be a finite- dimensional positive geometric 
crystal with the positive structure 6: (C x ) dim ^ Y ) — > X and B :=UDq(x) ^ e crystal obtained as 
the ultra- discretization of x- Lf B is a connected crystal, then x is prehomogeneous. 

In [21 [3], we showed that ultra-discretization of the affine geometric crystal V(g); (I > 0) 
is a limit of perfect crystal B oc (g L ), where q l is the Langlands dual of q. Since for any k € 
Z>o a tensor product B oc (g L )'^ k is connected by the perfectness of B oc (q l ) and we have the 
isomorphism of crystals 

UD(V(q) Li X---xV(g) Lk )^B 00 (g L ) m , L 1 ,...,L k >0, 
by Theorem 13,31 we obtain the following: 

Corollary 3.4 ([3]). V(g)z,i x • • • x V(g)z, fc is prehomogeneous. 

4 Tropical R maps 

Definition 4.1. Let {X\}\ e \ be a family of geometric crystals with the product structures, 
where A is an index set. A birational map TZx^ : X\ x X^ — > X^ x X\ is called a tropical R 
map if they satisfy: 

(e^ X T°^ = ^o( e f X ") c , (4.1) 
£ X x x Xfl = £ X„xx Xon ^ (42) 

7 ^ =7 W ^ (43) 

KxuK^Kxv = K^Kx^v (4.4) 

for any i € L and A, fj,, v G A. 

Tropical R maps for certain affine geometric crystals of type An \ Bjt\ L>n \ ^i+i> ^4n-i 
(2) 

and A 2 ^ are described explicitly OS]. 

The following is immediate from Lemma 13.21 and Corollary 13.41 

Theorem 4.2 ([3]). Let 1Z,1Z' : Vl x Vm — > Vm x Vl &e tropical R maps. Suppose that there 
exists p£ Vl x Vm siic/i i/iai 7£(p) = lZ'(p). Then we have 1Z = 1Z' as birational maps. 

Let us introduce an example of a tropical R map of type A$ . 



Example 4.3. Set Bl '■= {I = (h, ■ ■ ■ , ln+l) \hh • • • ln+i = L}, which is equipped with an 
An^ -geometric crystal structure by: 

ef (/) = (... ,cZj,c -1 l i+ i, ... ), 7i(0 = V*+i) ei(l) = l i+ i, i = 0,l,...,n. 
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The tropical R map on {Bl\l&l >0 is given by [3]: 

U : B L xB M ^ B m x B L , 71(1, m) = (Z', m'), (4.5) 

n+ln+1 k 



V p i( l , m ) / , Pi-\{l,m) Y^TT; TT 

/c — 1 j — j — 1 



Remark. In the case q = An , we have Bl = Vl- 

5 Epsilon systems 

5.1 Definition of epsilon systems 

Definition 5.1. For an interval J := {s, s + 1, . . . , t — 1, t} C I = {1, 2, . . . , n} a set of intervals 
P = {/i, . . . , Jfc} is called a partition of J if disjoint intervals 1%, . . . , 7*. satisfy 7i U • • • U 1^ = J 
and max(/j)<min(/j + i) (j = 1, . . . , k — 1). 

For a partition P = {Ji, . . . , 1^} of some interval J, set l(P) '■= k and called the length of P. 
Let J be the set of all intervals in I. For an interval J € J , define 

Vj := {P | P is a partition of J}. 

For a partition P = {7i, . . . , 7^} and symbols £/,. = 1, . . . , k), define 

£p '■= £h ■ £l 2 ■ ■ ■ £ I k - 

Definition 5.2. For an j4 n -geometric crystal X = (X, {e|}, {ji}, {£i}), the set of rational func- 
tions on X, say E = {ej,e*j\J £ J is an interval }, is called an epsilon system of X if they 
satisfy the following: 



£j{e i x) 



c 1 e j(x) if i = s, 

Ej(x) if i s — 1, s, t + 1, 



J 4 if « + s - 1, t, t + 1, 

= (-1) |J|_/(P) £P, for any interval J = {s,s + 1, . . . ,*} C I, (5.2) 

and we set ej := £j for J = {i}, which is originally equipped with X. Note that e* = E{. We call 
a geometric crystal with an epsilon system an e- geometric crystal. 



The actions of e^_ 1 and e£ +1 will be described explicitly below, which are derived from (15.1 
and AO). 



Proposition 5.3. T/ie above definition is well-defined, that is, for any J £ J we have 

ej(e?e?x) = ej(e?e?x), e*,(efefx) = e*j(e?e?x) if aij = aji = 0, (5.3) 
ej{ef ef c *e? x) = Ej(efe^efx), 

e* J {e?ef c *erx)=e* J {efer 2 efx), if a;, a,, 1. (5.4) 



More precisely, we claim that if we calculate the both sides of the above equations by using (15. 1 
and (|5.2p . they coincide with each other. 
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The proof will be given in the next subsection. 
Example 5.4. 

(i) I = {1,2}: = {ei,e 2 , £12, £21 = £12} with the relation e 2 i = £i£2 - £12- 

(ii) / = {1,2,3}: E = {e\, £2, £3, £12, £i2> £23> £23' £ 123, £123} with the relations for rank 2 and 

e 123 = £ 123 — £l£23 — £l2£3 + £l£2£3- 

The following lemma will be needed in the sequel. Set [I, m] := {1,1 + 1, ... ,m — l, m} (/ < m) 
and if I > m, [Z, m] := 0. We also put £z{x) = 1. Let {£j}j<=j be an epsilon system on an 
e-geometric crystal X. 



Lemma 5.5. One of the following relations (|5.5p and (|5.6[) is equivalent to (|5.2p : 

3=8-1 
t 

J2 (-l) j e* [sj] £ b+1 , t] = 0, (5.6) 

3=s-l 

for any s,t G / swc/i £/iai s < t. 

Proof. The proof is easily done by using the induction on t — s. ■ 

The following describes the explicit action of e\ on epsilon systems which is not given in 
Definition [OJ 

Proposition 5.6. We have the following formula for s < t: 

£ [s,t](e t+ i(x)) = £[ s ,t](x) + £ (a) ' ( 5 - 7 ) 

( C I \\ ( \ 1 ( 1 - C ) £ [«-l,t]( a; ) / K on 

£[*,*] (e^-i (a:)) = c£ M (x) + j- , (5.8) 





■ l)£{s,t+l]{x) 




£t+i(x) 


(1 






£ s -i(x) 


(1 


~ C ) £ fs,t+1] ( X ) 




£t+l(x) 


(c- 


' l ) £ [s-l,t] W 


£ s -i(x) 



eUtM+iW) = ce* [s>t] (x) + — ^ , (5.9) 

(c-l)ef 

4,t]( e -iW) = 4,*^) + — - u • (s - io) 

Proof. Let us only show (|5,7p since the others are shown similarly. It follows from (|5.5p for 
[s, < + 1] that 

t-i 



= ; \ £ [s,t+i](x) + (-1)* 1 l£ [s,i](x)£l i+1>t+1] (x) 



e t+i\x, 

\ J=s— 1 

Then applying e%io x, we get 

I f, . . (>r\ -X- r~ l 

C^ 1 £ t+ l(x) 
1 



if 

£ [s,t]i e t+lX) = — JZ 7-T [£[s,t+l](x)+C 1 1 l£ [s,i]( X ) £ [i+l,t+l]( C 



i=s—l 



£t+l(x) 



(cS[ s j+l](x) + £[ St t](x)£ t+ l(x) - £[ S)t +l](x)) 



(c- l)e t t+1] (a;) 
= £ M^ + £, + i(x) • 

By this result, we know that all explicit forms of the action by on epsilon systems. 
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5.2 The proof of Proposition 15.31 

Let us prove Proposition 15.31 It is trivial to show (|5.3[> . As for (|5.4p . the crucial cases are: for 
J=[s,t] 

e.Ae c UeT 2 eJ_ x x) = ej(e?e?_%e?x), (5.11) 

ej(e?e c t £e?x) = e j{e? +1 ef c > ef^x) , (5.12) 

e'jieV-^ef-xx) = e*j(efe c s ]_Jefx), (5.13) 

e}(e? ef^efx) = e^H^ ef +l x) . (5.14) 

Using the results in Proposition 15 .6| let us show (|5,lip 

0.-c L )e ls _ 1 , t] (e?<»e?_ 1 x) 



t-s—iytls H s —iX J 

, * + (1 -c 2 )e [s _ M] (x) \ + (1 - ci)e [8 _ M] (g)(£ [a -i, B] (x) + C2gf a _ 1[fl] (a)) 
C2£[s,i] ^ e«-i(a:) / c 2 e a _i(x)(ci£ [a ._ 1)a] (x) + e^_ 1>s] (x)) 

, , g[ s -i,t](z) A (l-ci)(e [s -i,s](g) + c 2 e[ i s _ ls] (x))\ 

e [s,t] 0*0 + -7- 1 — C 2 + 



e [s,t](2;) + 
£[ S ,t](^) + 



c 2 £ s -i{x) y ci£ [s _ liS] (a:) +e* a _ ljS] (x) 

f[£-M(j ( 1 ~ ClC2)(£[ B -l, B ](g) +g* 8 _i, a] (^)) 
c 2 £ s _i(x) C!£ [s _ ltS] (x) +e* [s _ hs] (x)) 

(1 - ci<^)e [a _ 1)f ](a;)e a (z) 



c 2 {cie [s _ hs] (x) + ef 8 _ llS] (x)) , 
where the last equality is derived from £[ a _i )S ](x) + sf s _i s ](x) = e s -i(x)e s (x). We also have 



e a _i(e a 1 a;) 



, , (1 - ciC2)£[ s _i [t ](g)e fl (g) 

^ IXJ + C 2 ( C1 £ [S _ M (X)+^„ M (X))' 



Thus, we obtained (|5.1ip . The others are also shown by direct calculations: 

s [Sjt] {e t e t+1 e t x) - e [s>t] [x) + £[ ^ +i](x) + C2 ^ i+i](x) " £ M^+i e * e t+i^' 

(cic 2 — l)e?„ 1 ,,(x)e s (x) 
^(e^e, e^x) - e [Sit] (x) + + ~ e s-i e s *h 

(1 — cic 2 )£? . . n (xW(x) 

p* f/i/iQ/a 1 _ f * /„A 1 : [s,t+lj _ ♦ / c 2 C1C2 ci \ a 

ei+ie * xj " £ ^ j+ Cl ( £[t)t+1] (x) + c 2£ * )m] (x)) - e M^+i e « e m^- ■ 

Let g be a Kac-Moody Lie algebra associated with the index set I and qj be a subalgebra 
associated with a subset J C I. Let X = (X, {7^}, {£«}, {ej})j g / be a g-geometric crystal. Then 
it has naturally a gj-geometric crystal structure and denote it by Xj. 

Definition 5.7. In the above setting, if gj is isomorphic to the Lie algebra of type A n for 
some n and the geometric crystal Xj has an epsilon system -Exj of type A n , then we call it 
a /oca/ epsilon system of type A n associated with the index set J. 

Remark. An e-geometric crystal has naturally a local epsilon system associated with each 
sub-interval of I. 

Example 5.8. In Example I5.4( ii). {e 2 , £3, £ 2 3, £^3} C E is a local epsilon system of type A 2 
associated with the interval {2,3}. 
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5.3 Product structures on epsilon systems 

Theorem 5.9. Let X and Y be e-geometric crystals. Suppose that the product X x Y has 
a geometric crystal structure. Then X x Y turns out to be an e-geometric crystal as follows: for 
e-systems E x := {ej ,ef *}j & j ofX and E Y := {£j, e Y j*} JeJ ofY, set 

em (*,„):= ± fk^aflW , (5 . 15 ) 
*=*-■ n if w 

t -*X („\-*Y 



■ £ [s,k]( x ) £ [k+i,t](y) 

£ is,t]^y) : = -* — — — • ( 5 - 16 ) 



fe=s - x n 7f (x) 

j=k+l 

Then E^xY ■= {^[s,i\( x ,y)^[ s ^(x,y)}[ s ,t}ej defines an epsilon system o/X x Y. 
Example 5.10. We have 

eu 3 (x,y) = e 123 (x) + £liy)£ ; 3 } X) + + • ^ 



71 (x) 71(^)72(2;) 71(^)72(^)73(2;)' 

Proof. First, we shall show (|5,ip . For c € C x and (x,y) £ X xY, set e^(x,y) = (e^x^e^y) 
where 

<£i(x) + £i(y) ci 
Let us see E\ s t i (e 8 (x, y)) = c _1 £[<, t i(x, y). Each summand ls,fcl fc — lfc+1,tl — in ()5. 15[) is changed by 

n if (*) 

the action of e 8 as follows (we omit the superscripts X and Y): 

£ [M]( e s 1;r ) = c r le [ s ,i]( :r ). fc = s-l, (5.17) 
£s{e c s 2 y)e [s+lA {efx)_ e s (y) ( (1 - ci)e [S)t ](x) 



7s (es 1 x) cfc 2 7 s (x) y"^^ 1 ' 1 ^ ' ' 

£[s,k](e c s 2 y)e [k+ltt] (efx) _ £[ s ,k](y)£[k+i,t](°^ 



, v . (1 -ci)e M (x) ^ 

ci£r s+ i t i(x) H — , fc = s, (5.18) 

£ s (x) J 



7 s (es 1 x) • • -7fc(e?x) <ry s (x) - - • 7 fe (x) 



k > s, 



where the second formula is obtained by (j5.8f) . Now, taking the summation of (|5.17p and (|5.18p . 

we have 

, x /-i | (l-ci)e 8 (j/) \ | e s (?/)£[ 5+ i, f ](x) 
[Ml V 1 cci<Ps(x) J cy s (x) 

- Cl + e s (y)) + c 7 .(x) " C + 7 .(s) 

Thus we have E\ s j\(e c s (x, y)) = c _1 £r Sit i(x). The others are obtained by the similar argument. 

Next, let us show (15.21) . Set the right hand-side of (I5.15P (resp. (I5.16P ) X[ S)t ](x, y) (resp. 
X? t Jx,y)). By Lemma [5.51 h suffices to show that the relation (|5.5p holds for X[ s ^(x,y) 

and X *s,t]( x >y) 

t 

Yl (- l ) 3x [sj}( x i y) x [j+i,t] ( x > y) 
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E 

j=s-l 



\ 



E 

k=s-l 



s,k](y) £ ik+i,j]( x ) 



V 



n 7p(«) 



* £* 



E 



[i+l,m]V X i £ [ m +l,t] 

n i 9 {x) 

q=m+l 



\ 



p=s q=m+l 

— " E (- 1 ) fce [.,fc](v) £ [fc+M^) =0 

n i P {x) s-i<k<t 

p=s 



since £ ( _1 ) J ' e [fc+iJ]( !B ) e b-+i,T»]( a; ) = for A; < m and £ (-l) fe £[ s ,fc](y)£[ fe+M (y) = 

by (|5.5p . Hence, we showed that y), X* si j(x,y) |s,t & I (s < t)} satisfy (|5.5p . which is 

equivalent to (|5,2p by Lemma 15.51 I 



Example 5.11. Dg -case OS]. Set the index set / = {0, 1, 2, 3, 4, 5}. The geometric crystal Bl 
is defined as follows: 

B L -.= {I = (h, ...,l 5 ,h,...,l 1 )e (C x f\hl 2 ■ ■■l 2 l 1 = L}, 



( | + 1 



k+i 
k+i 



+ 1 (i = 1,2,3), e 4 (0 = W4, £5(0=^4, 



7o(0 



/-,/ 



1'2 



2i2 



1'2 



7i(0 = f7 ±1 (i = l,2,3), 74(0 = 4, 



75(0 



Z4Z5 



eo(0 = (cr 1 ii»c- 1 ^2,...,e 1 i2,cer l 7i), 

e l ? (0 = (• • • .c^r 1 ^) " ■ ■ ■ h, ■■■) (i = 1,2,3), 

eftl) = (. ..,c-h,c~ x h,...), eg (J) = (...,c^5,c _1 7 4 ,...). 

where & = _ There are several local epsilon systems of type A4 in the -geometric 

U+l+h+l 

crystal Bl associated with e.g., {0, 2, 3, 4}, {0, 2, 3, 5} C /. Then, we have 



h 



e Q 2{l) = hh[^ + l), e* (a (t) = hh[± + \), e ii+1 (l) = hi 



h 



HH+l 



h+2 

h+2 



+1 , 



£* m (0 = hh+i ( + 1 ) (»* = 1, 2), £34(0 = hkk, 

\H+2 J 

e 34(0 = ^3^4^5)£35(0 = ^4, e 35(0 = hh, 



£023(1) =hkh + l 

£234(0 = hhhh-, £234(0 = hhhh, 
£0234(0 = hhhhh, £0234(0 = hfohUh, 
£0235(1) = hfahh, £0235(1) = hhhh, • •• etc. 



2 3 



6 Epsilon systems on the Borel subgroup B 

We shall show that there exists a canonical epsilon system on the (opposite) Borel subgroup B~~ . 
Indeed, it is a prototype of general epsilon systems and derives an epsilon system to any A n - 
geometric crystals induced from unipotent crystals. 



Epsilon Systems on Geometric Crystals of type A. 
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In this section we shall identify B~ with the set of lower triangular matrices in SL n+ \{C). 
Let T := {diag(ii, . . . , i n +l) £ SL n+ i(C)} be the maximal torus in B~ . For x € B~ there 
exist a unique unipotent matrix x_ £ U~ and a unique diagonal matrix xo € T such that 
x = X-Xq. Then the geometric crystal structure on B~ is described as follows: For x G B~~ , 
write xq = diag(ii, . . . , and (i,j)-entry of x_ as 



if i = j + 1, 
_i if i > j + 1, 
if i = j, 
otherwise. 



For example, for n = 2- case, 

h 0' 
t\U\ t 2 

tmi2 t 2 u 2 hj 

Now, the rational functions ji and £j are given by ji(x) = ti/ti+i and £i(x) = U{. The action e\ 
(c 6 C x ) is given by 





f 1 









fa 









-1 




1 










t-2 





1. .-( 




\u 12 


u 2 






Vo 










1 



£j(z) 



(x) = Xi 



1 



1 



(fi(x) 



where Xi(z) = Id n +i + zEi^ + \ € B C 5L n+ i(C). 

Proposition 6.1. In i/ie above setting, the epsilon system on B~ C SX n +i(C) are given by: 

£[s,t}{%) = u s ,t, £ [ Sl t]( x ) = det(M S)t ), s < t, 
where M s j is the minor of x~ as: 



( U s 

U s ,s+1 



1 



tt s ,t-l u s +l 5 t-l 





1 



•• U t -l, t UtJ 

Proof. By direct calculations, for x £ B~ we have 
/ 



(<$(*))- 



1 

iti 

«12 



••• 

1 
u 2 1 



(c-l)«i,i 



Ui-1 



V 



Ul,n 



U2,: 





. (C— l)tti_l,i 
Mi 

1*1-1,1 



1 

c 



1 



+ i 



(g 1 -l)Mi, n 



••• 

1 ••• 



u n 1 



The formula (|5.ip in Definition 15.21 is shown by using this. 
We can easily see 

det(M s>i ) = u s det(M s+lii ) - u s , s+l det(M s+2 ,t) + • • • + {-if^u^. 

Thus, by the induction on t — s, we obtain (|5.2j) . 
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Next, we shall see an epsilon system on a geometric crystal induced from a unipotent crystal. 
Let (X,f) be a unipotent SX n +i(C) crystal, where / : X — > B~ is a [7-morphism. We assume 
that any rational function £j is not identically zero. By Theorem 12.51 we get the geometric 
crystal X = (X, K>, { 7i }, fe}). 

Theorem 6.2. The geometric crystal X as above is an e-geometric crystal. Indeed, by setting 
ef M (x):= e ^(/(x)), (6.1) 
4?](*)= E (-l) {t ~ S+1) - liP) e X p(x), (6.2) 

the set Ex := {e^ Jx) , ef\(x)\l < s < t < n} defines an epsilon system on X. 
Proof. The relation (|5.2|) is immediate from (|6.2p . Since f(ef(x)) = ef(f(x)) and eP f] sat- 



isfies (|5.ip . we can easily obtain (|5.ip for ef 



7 Epsilon systems and tropical R maps 

Let X = (X , {ef} , {"yi} , Ex) and Y = (Y, {ef }, {7^}, £y) be e-geometric crystals, where £x 
(resp. Ey) is the epsilon system of X (resp. Y). Suppose that there exists a tropical R-map 

K : X xY x X. 

Let Exxy = {ej x¥ ,e} Xx¥ }j ei 7 (resp. E YxX = {e ¥xX , e*j YxX } JeJ ) be the epsilon system on 
XxY (resp. Y x X) obtained from Ex and Ey by Theorem 15.91 



Theorem 7.1. The epsilon systems ExxY o,nd -EyxX invariant by the action of 1Z in the 
following sense: 

e Y / x (n(x,y))=ey Y (x,y), e*/* x (K(x, y)) = e*/ x¥ (z, y), (7.1) 
for any J € J '. 

Proof. Let us show the theorem by the induction on the length of intervals J, denoted \J\. 
Assume that we have (|7.ip for \ J\ < n. The case |J| = 1 is obtained from (|4.2p in Definition 14.11 
the definition of tropical R maps. Now, we shall show 

er X (nx,y))=er Y (x,y), ef^(nx,y))=e*^(x,y). 

By Theorem 15.91 we have 

e^(x,y)= J2(-V n - liP) 4 XY &y)- (7-2) 
PeVi 

In the above summation, if a partition P £ Vi is different from J = {1, 2, ... , n}, then £p X¥ (x, y) 
is invariant by the induction hypothesis. Thus, we have 

ef^(K(x, y)) = (-ir-hjx\n(x, y)) + £ (-l) n -' (P) 4 XY (^ (7-3) 

Pe'Pj, p^i 



It follows from (E2J) and ([731) that 

4 ¥xX (^(x, 2/ )) -ef x¥ (x,y) = {-lT-\eY X {n{x,y))-eY Y {x, y )). (7.4) 



Epsilon Systems on Geometric Crystals of type A. 
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Here, using (|5.ip we have 

e* YxX (Kei(x, y)) = s} Y * x (eiK(x, y)) = e} YxX (K(x, y)), 
e}^ Y (e<i(x,y))=e I ^ Y (x,y), 

e Y ^(nel(x,y)) = eJ^(eln(x,y)) = c- 1 e Y ^(TZ(x,y)), 
er Y (et(x,y)) = c-^r Y (x,y). 

Applying these to (|7.4p . for any c G C x one has 

ef^(K(x,y)) -e*^ Y (x,y) = (-l^V^^y)) - ef* Y (z,y)). 
Hence, we obtain 

e* Y »\K(x,y))=ef» Y (x,y), e Y ^(TZ(x, y)) = £ f Y (x, y), 

which completes the proof. ■ 

Observing this proof, it is easy to get the following: 

Corollary 7.2. Let X (resp. Y) be an e-geometric crystal with the epsilon system E\ = 
{ej,e} x }j e j7 {resp. Ey = {e Y , £* y }j^j) and F : X — > Y a homomorphism of geometric crystals, 
that is, F is a rational map commuting with the action of any ej and preserving the functions £j 
and 7j. Then we obtain for any J G J 

e Y (F(x)) = ej(x), e*/(F(x)) = e*/(x). 
7.1 Application-uniqueness of A^-tropical R map 

Let {Bl}l>o be the family of A$ -geometric crystals as in Example l4.31 If we forget the index 0, 
Bl can be seen as an A n -geometric crystal and is equipped with following local epsilon system 
of type A n : 

£i(l) = l i+ x = e*(l), e* s t ](Z) = 0, £[s,t](0 = L+ih+2 • • • k+i, 
for / = (h, . . . ,/„+i) G B L - 

Proposition 7.3. Let 1Z : Bl x Bm — > Bm x Bl be the tropical R map in Example 14.31 Then 1Z 
is the unique tropical R maps from Bl x Bm to Bm x Bl- 



Proof. For Bl x Bm, by Theorem I5.9I we have 
£i{l,m) = k+l H : , 1 = 1,...,% 



e i i+l (l, m) = e ii+l (l) + 7T7 — + —r jjr = k +2 m i+ 2, i = 1, . . . , n - 1. 

i i 

Set I := L»+! , m := M«+! , Zo := (Z, . . . , Z) G! Bl and ?tiq := (m, . . . , rh) G -Bm- Then it is 
immediate from the explicit form of 1Z as in (|4.5p that 

1Z(l ,m ) = (m ,l ). 

Let 7£' be an arbitrary tropical R-map from Bl x Bm to Sm x Bl- Set (l',m ! ) := lZ'(lo,mo) G 
Bm x Bl. By Theorem 17.11 for any interval J we have 

ej(l', m') = ej(n'(l , m )) = ej(/ , ™o), = £j(fc'(Zo, mo)) = e}(/o, m ), 
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and "fi(l',m') = 7i(^o> m o)- These equations can be solved uniquely. Indeed, solving the system 
of equations Si(l',m') = £i(l ,m ), ji(l',m') = 1(= Ji(lo,m )) (i = 1, . . . ,n) and e* i+1 (l',m') = 
e *i+iGo) mo) = 1, • • • , n — 1), that is, for I' G Bm and ml 6 -Bl, 

7/ . ^+i m i+i r i ~ i> i i' i -1 

+ j, =l + m, liiUi = l i+1 m i+1 , t = l,...,n, 

^+2™i+2 = Z"m, i = 1, . . . , n - 1, 
we obtain the unique solution l\ = rh and m! i = I for any i = l,...,n + l, which implies 
(l',m') = (m ,l ), 

and then TZ'(lo,mo) = 7l(lo,mo)- According to the remark in Section UJ we have Bl = Vl and 
then by Corollary 13.41 Bl x Bm is prehomogeneous. Therefore, by Lemma 13.21 or Theorem 14.21 
we have 7Z = 1Z'. ■ 

Remark. We expect that this method is applicable to the tropical R maps of other types [3]. 
But we do not have explicit answers. 
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